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Abstract-A theoretical study is made of splitting around the boundaries of elliptical holes in an
orthotropic material. The splitting is modeled as a crack with both Mode I opening and Mode II
sliding. The sliding resistance on the closed portion of the splitting crack is assumed to obey a
Coulomb friction law. The stress intensity factors and the critical extemalload for splitting propa­
gation are calculated as functions of splitting length. The dependence of stress intensity factors and
the critical extemalload upon the length of splitting, the root radii of the hole, elastic orthotropy,
frictional coefficient and the critical energy release rate is described in terms of a universal set of
nondimensional parameters. It is found that splitting is unstable in the absence offrictional resistance
and stable when sufficient frictional resistance is present. Elastic orthotropy, through its interaction
with frictional resistance, tends to reduce the effects of frictional sliding resistance.

The stress redistribution due to splitting is also studied. It is found that the splitting is very
effective in relieving the high stress concentration ahead of the tips of cracks or at the boundaries
of holes. Unlike the growth of splitting itself, the stress redistribution effect is insensitive to frictional
resistance. The calculated results suggest that regardless of the root radii of a flaw, a splitting crack
of the length of the original flaw reduces the stress concentration factor to less than 2.

INTRODUCTION

Notches and holes are commonly required in the design of fiber composite panels. These
stress concentrators are often the source of various damages in engineering structures.
The stress concentration around holes is considered to be critical in the performance of
engineering structural materials. For woods, aligned fibrous composites and laminated
composites, splitting has been observed and recognized as an important damage phenom­
enon in the presence of holes and notches when the material is subjected to either tensile
or compressive load (Evans, 1991; Soutis et al., 1991). The typical geometry of splitting is
shown in Fig. 1. Due to inhomogeneity in toughness, splitting cracks, initiating in the
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Fig. 1. Problem statement.
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vicinity of a discontinuity in the forms of notches, holes and micro-flaws, are seen to
propagate along geometrically particular paths such as the fiber direction of woods and
aligned fibrous composites, and the interface oflayered materials and laminated composites.
Matrix splitting relieves the high stress concentration around hole boundaries and thus
enhances both the tensile and the compressive strength of materials. The resulting stress
redistribution by splitting may render the composite notch insensitive.

It is well known that debonding along a weak fiber-matrix interface is essential for a
composite, be it notched or unnotched, to achieve high strength and toughness in fiber
direction (Budiansky et al., 1986; Budiansky and Cui, 1994). In layered systems, interface
debonding is found to be very efficient in defeating cracks in individual layers and reducing
the likelihood that the crack will propagate into the next layer, and it is also found that
debonding can significantly promote tunnel cracking when certain conditions are met (Chan
et aI., 1992, personal communication). Experimental study on the compression fatigue
behavior of carbon fiber-epoxy laminates containing an open hole has revealed that after
106 cycles of compressive fatigue loading, the damage developed in the form of matrix
splitting tangent to the hole increases the residual compressive strength of the laminate
(Soutis et al., 1991). Similar observations have also been made for carbon-epoxy laminates
under tensile fatigue loading (Whitcomb, 1981).

Important as it is, both theoretically and practically, little work has been done to model
such a phenomenon. The studies on splitting are so far limited to the special case of sharp
crack-like flaws (Dollar and Steif, 1989; Chan et al., 1992, personal communication).
Further understanding of this mechanism is necessary for the design ofcomposite materials.

The present study is directed to a general orthotropic material containing a center flaw
in the idealized form of an elliptic hole. A model is proposed in the present study to analyze
the matrix splitting and its effects on stress redistribution around a hole. For the sake of
simplicity, it is assumed that both the major semi-axis and minor semi-axis of the elliptic
hole are coincident with the principal axes of the material. Upon tensile loading in the
direction of the minor semi-axis, matrix cracks tangent to the hole develop at both poles
of the hole, as illustrated in Fig. 1. An integral equation method, which is based on
distributed dislocations interacting with a free elliptic hole, is used to solve this problem.
To understand the behavior of splitting, we allow both Mode I opening and Mode II sliding
along the splitting crack. The interface sliding resistance along the closed part of splitting
crack is characterized by a Coulomb friction model. A physical condition governing the
stress free condition at the hole tip is established. This condition is essential to obtain a
stable solution for the distributed dislocations. The process of splitting initiation and
propagation is described. The numerical results for stress intensity factors for the splitting
crack and stress concentration at the hole boundary are presented as functions of splitting
length. The dependence of these quantities upon a multitude of parameters is described in
terms ofa universal set of nondimensional parameters. Technical issues such as the interplay
between elastic orthotropy and frictional contact are rigorously addressed and their effects
upon splitting propagation and stress redistribution are also discussed.

BASIC RESULTS OF ORTHOTROPIC ELASTICITY

Consider the plane strain deformation of an orthotropic material. Following Lekh­
nitskii (1981), if x and y axes are coincident with the principal axes of the material, Hooke's
law for the material can be written as:

(1)

(2)

(3)
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It has been shown by Savin (1961) that the general solutions of the above plane strain
problem can be expressed in terms of two analytic functions, cP(ZI) and l/!(Z2) with two
complex variables given by Z I = X +5 I Y and Z 2 = X +s2y. The parameters 5 I and 52 are the
two roots of the algebraic equation

(4)

with positive imaginary parts.
In terms of cP(zr) and l/!(Z2), the stresses and displacements are given by

(5)

(6)

(7)

(8)

(9)

where Ref] denotes the real part of a complex quantity,

and

(10)

After introducing two nondimensional quantities (Suo, 1990)

one can express the parameters 5 I and 52 as

(11)

where

i(n+m)
51 = AI / 4 ,

i(n-m)
52 = A1/4 for p > 1 (12)

fl+P _~
n = './2-2-' m - './2-2-' (13)

The singular crack tip fields, contained in the work of Sih et al. (1965), have been
recast in terms of A and p by Suo (1990). Some specific results that will be used in the
present study are summarized as follows.

For a crack along the x direction, the crack opening displacements at a distance r
behind the crack tip are related to the stress intensity factors by

~ _ 8b 1 - 3/4 r; ~ _ 1 - 1/4 r;
Uy - IrA nK1'./2ic' U x - 8b ll A nKII './2ic' (14)
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The relationship between the energy release rate and the stress intensity is

(15)

For a crack along the y direction, the crack opening displacements at a distance r
behind the crack tip are related to the stress intensity factors by

(16)

The relationship between the energy release rate and the stress intensity is

(17)

MODEL AND FORMULATION

The analysis of splitting in an orthotropic material is now taken up. The splitting
phenomenon around a hole is modeled. A formulation, which is based on the distributed
dislocations interacting with an open hole, is presented. Finally, a universal set of non­
dimensional parameters, which uniquely describe the splitting process, is given on the basis
of a nondimensional analysis.

Model
An elliptical hole is adopted here to model general flaws. The splitting cracks develop

tangent to the hole. The configuration of an elliptical hole with two doubly symmetric
splitting cracks is shown in Fig. 1. Each splitting crack is of length 2L. The major semi­
axis of the ellipse is in the x direction and of length a. The minor semi-axis of the ellipse is
in the y direction and of length b. Uniform tension (Joo in the y direction is applied at
infinity. The orthotropic material, with its principal axes in the x and y directions, is assumed
to undergo plane strain deformation. Due to both geometrical and load symmetries, only
one of the four splitting crack branches needs to be considered. We henceforth pick the
branch along x = a, 0 < y < L. The variable normal stress distribution (Jxx produced by
the uniform remote load (JOO along the branches in the absence of splitting cracks suggests
that each splitting branch may contain two different portions: an open portion and a closed
portion. For the branch under consideration, one portion of the branch, x = a,O < y < Lo,
would be open, while the other portion of the branch, x = a, L o< y < L, would be closed.
For sufficiently small L, it is anticipated that L o = L.

Denote the net normal and shear traction by N(x,y) and S(x,y); the boundary
conditions for the open hole are

x2 y2
S(x,y) = 0 N(x,y) = 0 on the hole boundary a2 + b2 = 1. (18)

For the open portion of the splitting branch, the boundary conditions can be written
as

N(a,y) = 0 S(a,y) = 0 0 < y < L o. (19)

For the closed portion of the branch, each point undergoes frictional slipping. Fric­
tional forces exerted across slipping interfaces have often been characterized either by a
constant frictional stress or by a Coulomb friction model in the applied mechanics
community. In this study, the Coulomb frictional model is used to represent the frictional
resistance across the closed part ofsplitting crack faces. In mathematical form, the boundary
conditions are



where
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N(a,y) < 0 Lo < y < L

S(a,y) = f1. sgn [h(y)] N(a,y) L o < y < L

h(y) = lim [v(a-e,y)-v(a-f"e,y)]
,~O

2019

(20)

(21)

denotes the relative shear displacement between the two faces of the splitting crack and f1.
is the coefficient of Coulomb friction.

The point (x = a, y = 0) on the hole boundary is a very special point. It is interesting
to examine the stress state of this point. There is a jump in the stress Uyy between the left
face and the right face of the splitting crack (see Fig. I). We assume that the left face is
broken at the intersection point (x = a, y = 0) of the splitting crack and the hole boundary.
The broken point is therefore stress free. Mathematically, such a condition is

Formulation
The splitting cracks may be regarded as continuously distributed dislocations:

(22)

b ) I· [ov(a+e,y) ov(a-e,y)](y = 1m - ----,-----
y .~o oy oy

-L~y~L (23)

b ) I· [ou(a+e,y) ou(a-e,y)] L L
x(y = 1m a - a - 0~ y ~ o·

.-0 y y
(24)

Now we proceed to find the solutions of the boundary value problem described in the
model section by superposing two states of plane strain orthotropic elasticity for an infinite
body with an elliptic hole, with the stress free conditions on the hole boundary automatically
satisfied, produced as follows:

(i) apply ~he uniform remote loading Uyy = u oo
•

(ii) subject all the splitting crack branches to the distributed dislocations bAY) and
by(Y), given by (23) and (24).

For each problem, we shall calculate the normal stress uxAa,y), shear stress O'xy(a,y) and
the tip tensile stress limO'yy{a+e, 0). The superposition ofthe solutions of the two problems

.~o

should satisfy the boundary conditions on the four splitting crack branches.
Problems (i) and (ii) may be readily handled by the complex-stress-potential method

introduced in the previous section in conjunction with a conformal mapping technique. The
mapping functions in the following form

a-b a+bl
z=w«() =-(+--

2 2 (

_ (r) _ a+isab r a-is.b! _ 2
z. - W a .. - 2 .. + 2 (a - I,

(25)

(26)

map the areas outside ellipses in z, Z h Z 2 planes into the areas inside unit circles in " (h (2

planes, respectively. The stress potentials for problem (i) have been given by Savin (1961)
as follows
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(27)

(28)

The solution of problem (ii) may be written on the basis of the fundamental plane
strain solution for a single dislocation interacting with an open hole. The stress potentials
for an edge dislocation with Burgers vectors bx and by at a point (xo,Yo) in an infinite
orthotropic body are

4JO(ZI) = A In (ZI-Z\O) ZIO = xo+s\Yo (29)

l/IO(Z2) = BIn (Z2-Z20) Z20 = XO+S2Yo (30)

where

By . Bx By . Bx (31)A = - A1/4(m+n) +1If72' B = A1/4(n-m) -1If72

with

by B _ bx (32)By = ,
16nmnbn x - 16nmnbn

In the presence of an open hole, the stress potentials of an edge dislocation may be
constructed by writing 4Jd and l/Id in the form

(33)

The stress potentials 4Jh and l/Ih have been derived by Cui (1994). In terms of Bx and By,
these potentials can be cast into the form

(34)

(35)

The F functions are listed in Appendix A. Integrating 4Jd and l/Id over the four splitting
branches, one obtains the stress potentials for the problem (ii).

Superposing the solutions of problems (i) and (ii) and then substituting into conditions
(19), (20) and (21) lead to the simultaneous integral equations:

0< Y < L o

L o <Y < L
(36)
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for dislocation distributions Bx and By, where O'~(Y) and 't"~(y) are the stresses along the
line of the splitting due to uniform remote tension. The kernel functions km k xy , kyx and
kyy are also listed in Appendix A.

It is important to note that when Lo = L, both Bx and By have the classical square
root singularity at the tip of the splitting crack. However, for Lo < L, the smooth transition
from opening to slipping demands that Bx(Lo) = 0 (Dundurs and Comninou, 1979), but
By remains square root singular at y = L. For each given value of L, Lo is determined in
the solution process.

It is interesting to note that the stress jump at the intersection of the splitting crack
and the hole boundary

is proportional to b,(O). This is because b,(O) equals the jump in strain

and the stress 0'xx is zero on both sides of the splitting crack at x = a, y = o. Accordingly,
one has

(38a)

Substitution of the stress free condition (22) into eqn (38a) yields

(38b)

Similar argument has been made by Dollar and Steif (1992) in their work on splitting at
the tips of a crack in the context of isotropic elasticity.

The tensile stress lim O'yy(a+e, 0) is ofgreat interest. This quantity is the residual stress
8-+0

concentration after splitting has taken place.
Equation (38b) provides a relation to implement the stress free condition (22). This

may be done by calculating the quantity limO'yy{a+e,O) in terms of integrals involving
8-+ 0

unknowns BAy) and By(Y), and then enforcing (38b) to obtain an additional constraint
for the dislocation densities. We have done so for non-zero values ofthe parameter b/a)., 1/4.

For the case b = 0, the stress free condition degenerates to the condition of no singularities
at the tip of the original flaw. Consequently, there is no need to implement the condition.
However, eqn (38b) remains valid, which provides a consistency check on the solution.
Note that numerical solutions for BAy) and By(Y) also need to be verified to satisfy eqn
(21).

Nondimensional parameters
Of direct significance to our understanding of splitting phenomena are the stress

intensity factors K" Kn of the splitting crack and the associated residual stress concentration
after splitting has taken place: lim O'yy{a+ e, 0). On the basis of eqn (16), one obtains the

8-+ 0

following relations between the stress intensity factors and the dislocation densities

(39)

(40)

To proceed, we nondimensionalize our problem by introducing the nondimensional
quantities:
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Bx/(foo )..1 / 4, By/(foo, x/a, y/a)..l/4, b/a).. 1/4, L/a).. 1/ 4•

Then, one finds that the stress intensity factors take the form

(41)

(42)

and the associated parameter

referred to as the residual stress concentration factor in the sense that it is the ratio of the
stress at the hole tip after the event of splitting to the applied (foo, takes the nondimensional
form

(43)

Substituting eqns (39) and (40) into (17) gives the energy release rate. The resulting
expression is of the nondimensional form

We note that the root radii R of an elliptic hole is related to the aspect ratio b/a via
R/a = (b/a)2. We note also that parameters).. - 1/4J.l and b/a)..1 /4 are no longer the frictional
coefficient and the aspect ratio of the hole due to the presence of elastic orthotropy. We
will discuss the implications of these parameters in detail in the discussions that follow.

RESULTS AND DISCUSSIONS

We begin by a brief discussion of the initiation of matrix splitting and then present the
results for both Mode I and II stress intensity factors and describe the features of splitting
cracking for the orthotropic material with an elliptic hole over a wide range of values of
the aspect ratio b/a)..1/4. This is followed by the discussion of propagation and stability
of the splitting process. Finally, we present the calculated results for the residual stress
concentration factor and discuss the stress redistribution due to splitting. In each section,
the results for p = I with no frictional resistance is presented first. The effects of orthotropy
and frictional resistance are then discussed.

Initiation
The initiation of matrix splitting tangent to a hole is a very complicated problem. It is

believed that shear stress is the dominant driving force in the initiation process. At the point
(x = a, y = 0) on the hole boundary, both shear stress t xy and transverse tensile stress (Jxx

are zero. The prediction of the exact location of the initiation along the line of splitting is
still largely an unresolved problem. We will not pursue this any further in the present study.
We nevertheless assume that splitting begins at the point (x = a, y = 0) on the hole
boundary.

The initiation ofmatrix splitting from a crack tip, corresponding to b = 0 in the present
study, is a well defined problem. A recent experimental study (Sbaizero et al., 1990) on
splitting crack initiation in laminated ceramic-matrix composites has shown that the critical
energy release rate for splitting initiation from the tips of a precut notch is almost the same
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(Ge ~ 15-20 J . m - 2, where Ge denotes the critical energy release rate for splitting initiation)
for a number of specimens with different numbers oflayers. This striking evidence suggests
that a common mechanism is involved, and that the splitting cracking initiation process
can be well characterized by a critical energy release rate. Such a critical energy release rate
is an intrinsic material property. In the light of the above observations, we present the
energy release rate to initiate a splitting crack at the tip of a parent crack by taking the
limit Llal 1/4 -+ 0 and blal 1/4 -+ 0 in eqn (44). For sufficiently small values of Llal 1/4, every
point along the splitting branch is open. No frictional stress is transmitted across the crack
faces. The driving force GS is therefore independent of the frictional constant J,l. In the
limit of Llal 1/4 -+ 0 and blal 1/4 -+ 0, the nondimensional energy release rate GSlb22(uOO)2na
depends only upon the parameter p. The energy release rate GS thus takes the form

(45)

A plot of H(p) is shown in Fig. 2 for 1 < P < 5. For p = 1, H(l) = 0.263, in agreement
with the result of Chan et al. (1992, personal communication). As p is increased from 1 to
5, the nondimensional energy release rate is increased by 30%.

The stress required for splitting initiation can be obtained by setting GS = Ge • The
resulting external load is

(46)

Equation (46) suggests a way to estimate the intrinsic parameter of an interface. By
measuring the critical loading required to initiate a splitting along the interface, one can
obtain the critical interface debonding energy Ge from the following equation

(47)

Stress intensity factors
A qualitative description of the features of splitting is as follows. Regardless of the

values of the aspect ratio blal 1
/
4

, there are two distinct stages of splitting. At the first stage,
the splitting crack is fully open and the crack tip at the end of the splitting is subjected to
mixed mode condition. The first stage lasts until Lla). 1/4 reaches a critical value Lela). 1/4.

For Lla). 1/4> Lela). 1/4, the splitting crack tip is closed and therefore in a state ofpure Mode
II. However, one portion of the splitting crack near the hole tip remains open.

c .31-----j_--,:;"""""'~-j_----t_---__1

"~
t;......

A
~

;;;-..
(!) .2S 1-----t_----t_----+---------1

.2~L..L.JL..L.JL..L.J_1..1_1..1....L..L~..L..L~.L.L.I...I::":"_L.J,.,J~U-J~:'_"~

1 1.5 2 2.5 3 3.5 4 4.5 5

P

Fig. 2. Energy release rate for splitting initiation from the tip ofa crack GS/ bd(fOO) 'na vs orthotropic
parameter p.
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Fig. 3. Mode I stress intensity factor 23/8Kr/u oo~ vs Lla2 1/4, various bla21/4.

The stress intensity factors were calculated from eqns (39) and (40) after solving for
Bx , By and La from a system of the simultaneous integral equations (36), (37) and the
constraint (38), as described in the previous section.

Consider first frictionless contact (Ji = 0). The nondimensional Mode I stress intensity
factor ).,3/8Kduoo~ is given in Fig. 3 for p = 1, and several values of aspect ratio bla).,1/4.
For the limit bla)., 1/4 = 0, as Lla)., 1/4 is increased from zero to roughly 0.24, the non­
dimensional stress intensity factor decreases monotonically from a finite value to zero, in
agreement with the results of Dollar and Steif (1989). For non-zero values of bla)., 1/4, the
Mode I stress intensity factor starts at zero, increases to a maximum and then drops to zero
at the critical value Lela)., 1/ 4. This is consistent with the tensile stress distribution uxx(a,y)
produced by the remote uniform load uoo along the line of the splitting branch. The
critical length Lela)., 1/4 increases from about 0.24 for blaA 1/4 = 0 to approximately 1.15 for
bla)., 1/4 = 1. An inspection of Fig. 3 indicates that the length of mixed mode cracking zone
Le is always greater than the length of the minor semi-axes b, and that the mixed mode
cracking zone for a circular hole is much longer than that for a crack.

The nondimensional Mode II stress intensity factor A1/8KlI/u oo~ is presented in Fig.
4 for the same values of parameters as those in Fig. 3. The Mode II stress intensity factor
first experiences an increase, then decreases and asymptotes toward a steady state value.
For the limit blaA 1/4 = 0, the results are in excellent agreement with those of Dollar and
Steif (1989). At a given length of splitting crack, the Mode II stress intensity factor A1/

8K lI i

I
hL:;~·..-;t,~...---::~-~·_;-:....~:-~-~-~-~~==:t===d===d

.4 / /' /',/'
/ ' . ,-/ / / /

.3 ·__..,l_./' , .. --_.-..-.__._- -- - __.- _-- .----..---- -.-_ -_ .
.~~-::~,,,
.,'(/

".2 . !"
;/
I!
".1 I!',f----+----!

.1

Fig. 4, Mode II stress intensity factor 2 1/
8Kll /u ooJ na vs LlaJ.. 1/ 4, various bla2 1

/
4.
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I ".2 1--/-/-._----.-.--.-..- ----.-.-- - .._ ..- -
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I ~b/a>. ~4=O.0
I ---- b/a>. =1.0

.1 I

~I
54

0 ........--'---1-.........-'--...........--'---1-.........-'--...........--'---1-.........-'--...........--'---1-.........-'--...........
023

L/a>.'/4

Fig. 5. Mode II stress intensity factor A1/8K,,/uoo~ vs L/aA 1/4, p = 1, 5 and b/aA 1(4 = 0, 1.

(100~ is the maximum for b = 0, and decreases with increasing values of the aspect ratio
bla)..I/4. It is seen that for Lla)..I/4 < 2, the stress intensity factor )..1/sKul(1OO~ is sensitive
to the aspect ratio bla)..I/4. However, for Lla).. 1/4 > 3, the aspect ratio has little influence
upon the nondimensional stress intensity factor.

To examine the effects of p, we calculated the Mode II stress intensity factor )..1/sKul
(100~ for p = 5 (the upper limit of the parameter for a number of engineering materials),
/-l = 0, and bla)..I/4 = 0 and 1. The results are plotted in Fig. 5. Also plotted in Fig. 5 are
the corresponding results for p = 1. As p is increased from 1 to 5, the stress intensity factor
)..1/sKul(1OO~is reduced by roughly 25%. We notice that, for a given value of p, )..1/sKul

(100~ asymptotes toward the same steady state value regardless of the values of the aspect
ratio bla)..I/4.

The Mode II stress intensity factor )..1/sKul(1OO~also depends upon the parameter
).. -1/4/-l. The effects of frictional resistance upon the Mode II stress intensity factor )..1/sKul

(100~ are shown in Figs 6 and 7 for p = 1, and various values of the parameter).. -1/4/-l,

with bla)..I/4 = 1, respectively. The effects of)" -1/4/-l upon the Mode II stress intensity factor
are roughly the same for bla).. 1/4 = 0 and bla).. 1/4 = 1. Frictional resistance becomes active
only after splitting length Lla)..I/4 reaches the critical value L ela)..I/4. For small values of
).. -1/4/-l, the Mode II stress intensity factor first experiences a peak after the frictional
resistance becomes operative and then decreases with increasing splitting length Lla)..I/4.

.4

•1

.c::::. -1/4 .0.0

(~
n.?S-- nfiO----- ... =

n

10=1.0.. b/oA1/4=0

o
o 2 4 6 8 10

Fig. 6. Mode II stress intensity factor A1/8K,,/uooJna vs L/aA 1/4, b/aA 1/4 = 0, various A-1/4/l.
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Fig. 7. Mode II stress intensity factor A. '/8Kn/u ooJna vs L/aA. '/ 4, b/aA. '/4 = 1, various A. - '/4Jl ,

For large values of A- 1/4j1., the Mode II stress intensity factor decreases monotonically with
increasing splitting length L/aA 1/4 as soon as the frictional resistance becomes operative.
For a fixed length of splitting crack, the stress intensity factor A1/8Ku /(1OO~ decreases
with the increasing values of A- 1/4j1.. The implication of the combination of the parameters
A- 1/4 and j1. will be discussed in the next section.

Propagation
The splitting propagation under mixed mode condition is a complex problem. The

experimental observations (Cao and Evans, 1989) suggest that under mixed-mode loading
the critical energy release rate is not a fixed quantity but a function of the ratio of Ku to
K 1• However, the problem of splitting propagation under pure Mode II condition is much
better defined in the sense that a critical energy release rate can be unambiguously defined.
Attention is therefore focused on the behavior of the splitting propagation under pure
Mode II condition. Let Gf. denote the critical energy release rate for the splitting to
propagate under pure Mode II conditions. Imposing the condition, GS = Gf(, one obtains

(48)

Consider first the results given by (48) for the case of frictionless contact. Shown in
Fig. 8 are the results for (100Jb22nna/~vs L/aA 1/4 for p = 1, j1. = 0 and several values
of b/aA 1/4. The start of each curve corresponds to the critical value of Lc/aA 1/4 at which the
condition of the splitting crack tip changes from open to closed. The critical load
(1ooJb22nna/JGfI required to propagate the splitting is the maximum at the start of each
curve. Unless unloading takes place, the splitting would propagate dynamically as soon as
the maximum critical load mentioned above is reached. In this sense, Fig. 8 demonstrates
that the splitting propagation is unstable in the absence of frictional resistance.

The effect of frictional resistanc~on splitting propagation process is shown in Fig.
9 where the results of (100Jb 22nna/..j GfI vs L/aA 1/4 have been plotted for p = 1, b/aA 1/4 = 0
and several values of the parameter A- 1/4j1.. Firstly, we note that frictional resistance
stabilizes the splitting propagation process. Secondly, we note that there is a strong depen­
dence of the splitting propagation stress on the parameter A- 1/4j1., which conveniently
characterizes the interaction between elastic orthotropy and frictional contact. Thirdly, the
combination A-1/4j1. suggests that elastic orthotropy tends to contract the coefficient of
Coulomb friction by a factor of A1/4• This result can also be extended to the case where a
constant friction stress is used to characterize the frictional resistance. For this case, the
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Fig. 8. Critical stress for splitting propagation under pure Mode II condition GOOJb22n7taIJGf. vs
Lla). 1/4 for IJ = 0, various bla).114.
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constant frictional stress is also contracted by a factor of), 1
/
4

• This is ofsignificant technical
consequence, since it has been confirmed experimentally that splitting cracking is strongly
resisted by fiber cross-over or matrix ligament bridging that leads to resistance curves (de
Charentenay et al., 1984; Sbaizero et al., 1990).

Stress concentration and stress redistribution
We shall now discuss the stress redistribution due to matrix splitting. The role ofmatrix

splitting on reducing the stress concentration is displayed in Fig. 10, where the ratio of
the stress concentration after splitting to the remote applied stress (100 (residual stress
concentration factor) is plotted against the normalized splitting length L/a). 1/4 for
b/a).1/4 = 0, 1 with Jl = O. Matrix splitting is clearly very effective in reducing the stress
concentration at hole boundary, even for a small amount of splitting. At L/a).1/4 = 3, the
high stress concentration has almost been eliminated. Observe that the residual stress
concentration factor is little influenced by the values of the parameter b/a).1/4 when the
splitting crack is sufficiently long. An inspection of Fig. II indicates that the difference in
the nondimensional residual stress concentration factor (1y,(a+, 0)/(100 is less than 5% when
the aspect ratio b/a).1/4 is changed from 0 to I for L/a). 1/4> 2. Also plotted in Fig. 10 are
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o·
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~
~

".a 3
">
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2.5

2
2 4 8 8 10

L/oAt/4

Fig. 9. Critical stress for splitting propagation under pure Mode II condition G ooJb 22111taIJGf, vs
Lla). 1/4 for bla). 1/4 = 0, various). - 1/4JJ•
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Fig. 10. Residual stress concentration factor O'Yia+, 0)/0'''' vs L/aA 1{4 for Jl = 0, b/aA 1/4 = 0, 1 and
p = 1,5.

the corresponding results for p = 5. The curves suggest that p doesn't have significant effect
on reducing the stress concentration.

To further illustrate the effects of notch root radii, we plot the results of the ratio of
residual stress concentration factor I(residual to the stress concentration factor without splitting
1(0, given by

"0 = 1+ 2n.A. 1/4a/b (49)

which is obtained by substituting eqns (27) and (28) into (6). The results are shown in Fig.
11 for various values of the aspect ratio b/a.A. 1/4 with J.l = O. This figure makes it clear that
the smaller the aspect ratio b/a.A. 1

/
4

, the more effective the matrix splitting is in reducing the
stress concentration.

To further explore the stress redistribution effects, we now examine how the stress
profile O"yy(x, 0) ahead ofthe hole tip may be changed from that of without splitting. Figures
12-15 show not only the decrease of stress concentration at the hole tip with the increase
in the length of splitting, but also the change in the shape of the stress profile O"yy(x,O) for
p = 1, J.l = 0, various levels of splitting length, and several values of aspect ratio b/a.A. 1/4. In
Figs 12-15, solid curves represent the stress profiles 0"Yix, 0) corresponding to the critical
values of splitting length Lc/a.A. 1

/
4 when the tips of the splitting cracks change from open

.6 1Hc-'<---'~-+----_+_---_t----t----__l

.81to+-\----+----_+_---_t-----j--.--­
Ip=1.0
1#,=0.0

L/oA1/4

Fig. 11. The ratio of the residual stress concentration factor to that of without splitting K"'idua'/Ko

vs L/aA 1/ 4, various b/aA I/4
•
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Fig. 12. Stress profiles ahead of hole tips u,.(x,O)/u'" for b/a).114 == 1, various levels of splitting
"Lla).1}4.
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Fig. !3. Stress profiles ahead of hole tips UjAX, O)lu'" for lJla).114 = 0.75, various levels of splitting
L/a2 1/4.
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fig. !4. Stress profiles ahead of hole tips u,_,(x,O)lo-'" for bla2 1
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$AS 31:15-1l



2030

2

1.5 2

Y. L. CUI

p=1.0

."""0.0
b/oxt

/
4""0.25

.--.' L/oX'/ 4",,0.0
-----. L/oX1/4=0.11
-- L/aA'/

4=0.45
.-.-.-.-.. L/oX'/ 4=5.0

3.5 4

Fig. 15. Stress profiles ahead of hole tips uyy(x,O)/uoo for b/a).1/4 = 0.25, various levels of splitting
L/a).1/4.

(under mixed condition) to closed (under pure Mode II condition). These figures clearly
indicate that the stress concentration has been significantly reduced even before the tip of
the splitting becomes closed.

To study the effects of friction upon reducing the stress concentration, we plot the
results of residual stress concentration factor for various values of A- [f4J.! for bjaA 1(4 = o.
The results are given in Fig. 16. It is seen that the reduction in stress concentration factor
has been reduced to some extent in the presence of frictional resistance. However the
frictional resistance becomes operative only after the tip of the splitting crack becomes
closed. In addition, the stress concentration has already been reduced drastically before the
frictional resistance becomes operative. Consequently, we conclude that frictional resistance
doesn't have a significant effect on stress redistribution.

It is interesting to note that even for a very small splitting crack, the stress concentration
factor is reduced significantly. This may partially explain why fiber breakage ahead of
notches and holes is rarely observed in experiments.

CONCLUDING REMARKS

The present study has provided the complete solutions to the matrix splitting around
the tips of cracks or holes in orthotropic materials, when subjected to uniform remote
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Fig. 16. Residual stress concentration factor uyia+, O)/uoo vs L/a).I/4 for b/a).//4 = 0, various). - '/4Jl.
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tensile loading. The basic analysis and quantitative results presented in this paper, encom­
passing effects of elastic orthotropy, splitting crack initiation and growth, frictional resist­
ance and stress redistribution, provided a broad basis for the understanding of the splitting
phenomenon. In particular, it is found that the interaction between elastic anisotropy and
frictional sliding tends to reduce the effects of frictional resistance and such a reduction can
be conveniently measured by an interaction parameter A. - 1/4p.. Splitting is found to be very
effective in reducing the notch sensitivity of engineering materials and in preventing fibers
ahead ofthe hole tips from fracture. Although it plays a significant role in stabilizing splitting
matrix crack growth, frictional resistance has little influence on the stress redistribution. The
numerical results suggest that the higher the stress concentration, the more effective the
stress redistribution due to the splitting. We found that the stress concentration factor has
been reduced to less than 2 for a splitting crack of the length of the original flaw over a
wide range of the values of the aspect ratio blaA. 1/4.
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APPENDIX A

In this Appendix, we list the stress functions used in eqns (34) and (35) in text. With the use of the following
expressions

(AI)

(Al)
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(A3)

(A4)

where z. = x+s.y, z2 = xo+s.yo, and i denotes the complex conjugate of a complex variable z, one can express
these functions as follows

(AS)

(A6)

(A7)

(A8)

To list the kernel functions used in the integral equations (36) and (37) in text, we introduce following
auxiliary functions:

o [(n+m) (n-m)]!xy(x,Y,xo,Yo) = 2Re --- - --­
Z\-Z\O Z2-Z20

o [i(n+m) i(n-m)]!yx(x,y,xo,Yo) = 21m --- - --­
Z\-ZIO Z2-Z20

I n I n-m I
9 - -------+-----
x\- (I-"?I m(I-"?2 m (1-"~2

I n I n+m I
9 -------+-----

yl - (I-"?I m (t-"?2 m (1-"~2

I n I n-m I
9 ---+---------
Y2-(2-"~1 m(2-"~2 m (2-"?2

!x,(x,y,xo,Yo) = 2Re[-gyl(n+m)D'I+gy2(n-m)D'2]

!,.(x,y,xo,Yo) = 21m [i(n+m)gxID( \+i(n-m)gx2D(21

Then the kernel functions are

(A9)

(AlO)

(All)

(Al2)

(AI3)

(AI4)

(AIS)

(AI6)

(AI7)

(AI8)

(AI9)

(A20)

kxxCY,Yo) =!2xCa,y, -a,Yo)-!2xCa,y,a, -Yo)-!2xCa,y, -a, -Yo)+!xx(a,y,a,yo)

-!xx(a,y,a, -Yo)+!xx(a,y, -a,Yo)-!xxCa,Y, -a, -Yo) (A21)

kxy(y,yo) = !2y(a, y, a,Yo)+!2ia,y, a, -Yo)-!2y(a,y, -a,Yo)-!2y(a,y, -a, -Yo)

+!Xy(a,y,a,yo)+!Xy(a,y,a, -Yo)-!,y(a,y, -a,Yo)-!xy{a,y, -a, -Yo) (A22)
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ky.(y,yo) =!;.(a,y,a,yo)+!;x(a,y, -a,yo)-!;x(a,y,a, -Yo)-!;.(a,y, -a, -Yo)

+!,.(a,y,a,Yo)-!,x(a,y,a, -Yo)+!,x(a,y, -a,Yo)-!,x(a,y, -a, -Yo)

-).- 1/4pkxx(y,yo) -). - 1/4Jl!:x(a,y, a, Yo) (A23)

ky'(y,yo) = !;y(a,y, a, - Yo) -f;y(a,y, -a,yo) -f;,(a,y, -a, -Yo) +!,y(a,y, a,yo)

+!,y(a,y,a, -Yo)-J;,,(a,y, -a,Yo)-J;,y(a,y, -a, -YO)_).-1/4pkyx(y,yo). (A24)


